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GENERATION AND PROPAGATION OF INTERFACES
IN REACTION-DIFFUSION SYSTEMS

XINFU CHEN

ABSTRACT. This paper is concerned with the asymptotic behavior, as ¢ \, 0,
of the solution (u®, v¢) of the second initial-boundary value problem of the
reaction-diffusion system:

{ ut — eAut = Lf(uf, v¢) = 1[uf(1 - uf?) — ],

vf — Ave = uf — yvt

where y > 0 is a constant. When v € (—2v/3/9, 2v/3/9), f is bistable in
the sense that the ordinary differential equation u;, = f(u, v) has two stable
solutions # = h_(v) and u = hy(v) and one unstable solution u = hy(v),
where h_(v), hg(v), and h4(v) are the three solutions of the algebraic equa-
tion f(u, v) = 0. We show that, when the initial data of v is in the interval
(-2v3/9, 2v/3/9), the solution (u?, v¢) of the system tends to a limit (u, v)
which is a solution of a free boundary problem, as long as the free boundary
problem has a unique classical solution. The function u is a “phase” function
in the sense that it coincides with 44 (v) in one region Q; and with h_(v)
in another region Q_ . The common boundary (free boundary or interface) of
the two regions Q_ and Q,; moves with a normal velocity equal to 7°(v),
where 77(+) is a function that can be calculated. The local (in time) existence
of a unique classical solution to the free boundary problem is also established.
Further we show that if initially u(+, 0) — hg(v(+, 0)) takes both positive and
negative values, then an interface will develop in a short time O(¢|Iné¢|) near
the hypersurface where u(x, 0) — hg(v(x, 0))=0.

1. INTRODUCTION

This paper is concerned with the interfacial phenomena in the reaction-
diffusion system

(1.1) u,=8Au+—81-f(u,v),
(1.2) v, =Av + g(u, v)
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with
(1.3) fu,v)=Fu)-v,  F(u) =u(l-u?,
(1.4) gu,v)=u-—yv,

where y > 0 is a constant and ¢ > 0 serves as a small parameter.

The system (1.1), (1.2) models the propagation of chemical waves in excitable
media where u is a propagator and v is a controller (see Fife and Tyson [21]
for a physical description of this system; Ohta, Mimura, and Kobayashi [28]
also used this system to describe an activator-inhibitor model).

The assumption that ¢ is small means that the propagator u diffuses quite
slowly while its reaction takes place much faster. When v € (-2v/3/9, 2v/3/9),
the algebraic equation f(u, v) = 0 has three solutions

u=h_(v), u=ho(v), and u=h,(v),

where h_(v) < ho(v) < hy(v). In this paper, we are only interested in the case
when v € (—2v/3/9, 2v/3/9). In this case, f is bistable in the sense that the
ordinary differential equation u, = f(u, v) has two stable solutions u = h_(v)
and u = h,(v) and one unstable solution u = hy(v). The bistable property of
f and the smallness of ¢ are essential to the so-called interfacial phenomenon
described below.

Starting with smooth initial data, the diffusion term e¢Au in (1.1) and the
variation of v from its initial data can be neglected for a short time, so that
equation (1.1) can be approximated by the ordinary differential equation u, =
% f(u,v(x,0)), and therefore u(x, t) tends quickly to either A, (v(x, 0)) or
h_(v(x, 0)) according to the sign of u(x, 0)—ho(v(x, 0)). Thus, after a short
time, the space is partitioned into three regions: a region ), where u is almost
equal to A.(v), a region Q_ where u is almost equal to A_(v), and a “thin”
strip region €y which links Q_ and Q,. The region £ is so thin that it
can be considered as a hypersurface, called interface. We refer to the above
process as the generation of the interface. Subsequently, if x is away from the
interface, the diffusion term eAu can still be neglected, and therefore u(x, ?)
approximately equals h_(v(x, t)) or h,(v(x,t)) depending on which region
x belongs to, whereas v approximately solves (1.2) with g = g(h_(v), v) in
one region and g = g(h,(v), v) in the other region. On the other hand, near
the interface, the change in u is large, so that ¢Au is nonnegligible. In fact,
eAu will approximately balance the reaction term —% f, and their difference
is a force which will drive the interface to move; this motion is called the
propagation of the interface. The normal velocity of the motion of the interface
will be determined by the speed of a planar travelling wave solution of equation
(1.1).

It is well known that (1.1) has a planar travelling wave solution

X5 —ct
u=U(T,v>, XER", seS ' cH", te R,

where U = U(z, v) and ¢ = Z'(v) form the unique solution of the nonlinear
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eigenvalue problem:

U..(z,v) +cU(z,v)+ f(U(z,v),v)=0 VzeR!,
im0 U(z, v) = hy(v),

lim,_o U(z, v) = h_(v),

U0, v) = hy(v).

(For more detailed discussions of the above eigenvalue problem, see Aronson
and Weinberger [2, 3].)

Fife and Hsiao [19] considered the one-dimensional Cauchy problem for
equation (1.1) where v is a known function of x. They proved that starting
with smooth initial data u(x, 0) satisfying u(x, 0) > hAg(v(x)) when x > 0,
and u(x,0) < ho(v(x)) when x < 0, the solution of (1.1) approximates the
function U((x —&(2))/¢e, v(&(t)) as € — 0, where U(z, v) is the solution of
(1.5) and x = &(¢) is a function determined by the motion law

{ &) =7 (&), t>0,
£(0) = 0.

When v = 0, equation (1.1) is known as the Allen-Cahn equation [1]. Its one-
dimensional case has been extensively studied by Bronsard-Kohn [6], Carr-Pego
[7, 8], Fusco [23], Fusco-Hale [24], and the references therein. Recently, some
results for the Allen-Cahn equation have been extended to higher dimensions.
Here the mean curvature K of the interface takes a role in the propagation of
the interface. Formal derivation shows that the normal velocity of the inter-
face is ¢K (see, for example, Allen-Cahn [1], Rubinstein-Sternberg-Keller [30],
and Fife [18]). Rigorous proofs were recently given by Bronsard-Kohn [5],
DeMottoni-Schatzman [14, 15], Evans-Soner-Souganidis [16], and the author
[9]. The method in [9] is based on the construction of comparison functions
and is flexible enough to be extended to the system (1.1), (1.2), as we shall do
in this paper.

For the system (1.1), (1.2), X.-Y. Chen [10] has recently proven the generation
of the interface. Concerning the propagation of the interface, he derived an e-
dependent free boundary problem, proved its local (in time) existence (for any
fixed ¢ > 0), and then formally showed that the solution of the free boundary
problem approximates the solution of (1.1), (1.2). The free boundary problem
is to find a function ¥¢ and a free boundary (interface) I'"* which separates
Z" into two disjoint regions Qf (¢) and Qf(¢) at each time ¢ > 0, such that

1.7
( )ﬂf — AV® = g(hy(0%), 9°)xq: + g(h—(0%), ¥%)xqe , X ER", t>0,
Vie = 77(0°%) + eK©,
7¢(x, 0) = w(x), xex",
I*(0) = {x e Z"|p(x) = ho(y(x))}, x€Z",

(1.5)

(1.6)

where y,4 stands for the characteristic function of the set 4, and ¥ and
K*® are respectively the normal velocity and the mean curvature of the free
boundary I'®; the function #° is defined by #® = h,(9%)xq: + h—(0°)xq: .
The present work is an extension of [10]. We shall prove the local existence of
a unique solution to the free boundary problem (1.7) with ¢ = 0, which we shall
call the limit free boundary problem. Then we shall show that the solution of
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the limit free boundary problem approximates the solution of the system (1.1),
(1.2). In order to prove this, we need to establish a theorem on the generation
of the interface which is a refined version of the one given by Chen [10].

It is worth mentioning that there is a significant difference for the free bound-
ary problem (1.7) between the case ¢ > 0 and the case ¢ = 0. The second
equation in (1.7) is parabolic (in local coordinates) when ¢ > 0, but, when
¢ =0, it is a Hamilton-Jacobi equation, a fully nonlinear first order PDE which
requires stronger smoothness assumptions on the function 7" (v(x, t)) in order
to ensure a unique classical solution.

Our method for proving the uniqueness of the classical solution of the limit
free boundary problem can be applied also to the free boundary problem (1.7)
(for € > 0) to derive its uniqueness (existence was already established in [10]).

The special forms of f and g in (1.3) and (1.4) are introduced only for con-
venience. In fact, our method applies also to the case when f = f(u, v, x, )
and g = g(u, v, x, t). The essential assumption is that f is bistable and that
f and g are monotone in v and u respectively.

Our method also applies to the Cauchy problem, i.e., to the initial value
problem (1.1), (1.2) with Q = #".

The extension of our results to the case of an arbitrary time interval remains
open. Although the Hamilton-Jacobi equations (e.g., the second equation in
problem (1.7) with 7" (v(x, t)) being a known function) have been extensively
studied and many global existence results have been established [4, 11, 17, 29,
32] (and the references therein), we cannot get the global asymptotic behavior
of the system (1.1), (1.2) since our argument strongly relies on the regularity of
the solution of the limit free boundary problem.

The plan of this paper is as follows. In §2 we formally derive the equations
of the limit free boundary problem and state our main results. In §3 we estab-
lish the law of the generation of the interface (a weaker version of which has
been established in [10]). Next, in §§4 and 5, we shall establish the existence,
uniqueness, and regularity of the solution of the limit free boundary problem.
Finally in §6 we use a comparison lemma for the parabolic system (1.1), (1.2) to
estimate the difference between the solution of the limit free boundary problem
and the solution of (1.1), (1.2). The difference is of order O(¢|Iln¢|) so that,
as ¢ — 0, the solution of (1.1), (1.2) tends to the solution of the limit free
boundary problem.

Remark 1.1. After this paper was completed, the author was informed that
Hilhorst, Nishiura, and Mimura [26] proved the existence of a unique solution
to the limit free boundary problem (1.7) with ¢ = 0 in the one-dimensional
case, that Evans, Soner, and Souganidis [16] obtained the global asymptotic
behavior of the solution of the Allen-Cahn equation, and that Giga, Goto, and
Ishii [25] established the global existence of at least a weak solution to the free
boundary problem (1.7) for both the case ¢ > 0 and the case ¢ =0.

2. STATEMENT OF THE MAIN RESULTS
Consider the second initial-boundary value problem:

2.1 u“'=eAu‘+lf(u£,v’“‘) inQx(0,7),
! €
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(2.2) v =Avt+guf,v®) mQx(0,7T),

(2.3) ut(x, 0) = p(x) for x € Q,

(2.4) vé(x, 0) = w(x) for x € Q,

(2.5) Out =0 for (x,t) €dQx[0,T),
(2.6) O,vt =0 for (x,t) €e0Qx[0, T),

where Q is a smooth (C3) bounded domain in #" (n > 1), 9, is the
normal derivative to 9Q, and T is any positive number. For simplicity, we
shall assume that the functions f and g are given by (1.3) and (1.4).

For the sake of completeness, we first state a well-known existence and unique-
ness result for the system (2.1)-(2.6).

Lemma 2.1. Assume that ¢ and y are in C*(Q) and satisfy the compatibility
condition

(2.7) 00 =0y =0 ¥x €0Q.

Then there exists a unique solution of the system (2.1)-(2.6) forall 0 < T < +o0.
Moreover, there exists a positive constant Cy such that for all ¢ >0,

(2.8) We(x, )] + [vi(x, )| < Co VxeQ, t>0,
(2.9) o(x, ) —y(x)| < Cot VxeQ, t>0.

Proof. The existence of a unique solution follows from standard theory for
parabolic systems whereas the estimate (2.8) follows by the invariant region
theory (see, for example, Smoller [31, Chapter 14]). The estimate (2.9) follows
by applying the comparison principle to the functions v¢ and y(x) + Cyt for
the equation (2.2). O

Observe that for smooth initial data y , the change of v® in a short time is
small, so that equation (2.1) is basically the same as the scalar equation (2.1)
with v¢ replaced by . This observation leads to the following theorem.

Theorem 1 (Generation of interface). Assume that ¢ and y are in C*(Q) and
satisfy the compatibility condition (2.7). Assume also that there exists a constant
o > 0 such that

(2.10) [ (x)] 52?—0 Vx € Q.

Let (u®, vé) be the unique solution of (2.1)-(2.6). Then there exist positive
constants &, to, and My such that for all € € (0, &), ut(x, 10¢|Ing|) satisfies

h_(y(x)) — Mpe|Ine| < ub(x, 1o€|In¢l)

(2.11) < hy(w(x)) + Moe|lng| Vx € Q,

(2.12) |ut(x, 1o€|Inel) — hy(w(x))| < Moe|lng| Vx € QLoenm ,
(2.13) [u®(x, toe|Ine|) — h_(w(x))| < Moe|Ine| Vx € Qi

where

Q}eime) = (X € Q1 0(x) > ho(w(x)) + Moe| Inel},
Qyeiime) = (X € Q1 0(x) < ho(w(x)) — Moe|Ing|}.
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Remark 2.1. As mentioned earlier, a weaker version of Theorem 1 was first
proved in [10].

The proof, given in §3, is based on the method developed in [9] and involves
the construction of supsolutions and subsolutions for equation (2.1).

We shall now formally find the asymptotic limit (u#, v) of the solution
(u®, v®) of (2.1)-(2.6) as ¢ — 0%, leaving the rigorous proof to §6.

Denote by D1 the set & x [0, T], where & isasetin ZV. For 1 <p <
+00, it is convenient to introduce the Sobolev norms

ky
1y ts-t2 Zu S len + 3 D f @y Ya=1,2, k=01,

i=0

and
2 2-i

1 Wz 2y = 3 S IDIDLS v -

i=0 j=0

Assuming that the assertion of Theorem 1 holds for each time ¢ > 0, we
conclude that there exists a domain D = {Jy,.r(D* x {t}) such that

{h+('v) if (x,)eD,
U=

(2.14) h_(v) if (x,t) € Qr\D.

By the L? (1 < p < oo) parabolic estimates, the Wf”(ﬁr) norm of v*¢
is uniformly bounded, so that its limit v must be a (weak) solution of the
equation

(2.15) v —Av = g(h(v), v)xp + &(h-(v), V)Xg\5 V(x,1)€Qr.

Supplementing this parabolic equation with the initial and boundary data

(2.16) v(x,0)=y(x) VxeQ,
(2.17) Ov(x,t)=0 V(x,t)eoQx(0,T),
we can solve for v provided that D is known.
To find the set D, we shall use the limit behavior of the solution ¢ of (2.1).

Denote by I the (spatial) boundary of D'; then (1.6) suggests that D
evolves in such a way that

(2.18) Vr,=7"(v) VxeI', te[0,T],
where Vi is the inward normal velocity of I'*. Note that Theorem 1 implies
(2.19) I=0D%= {x € Qp(x) — ho(w(x)) = 0}.

Equations (2.15)-(2.19) form a free boundary problem which we shall refer
to as the limit free boundary problem. We associate to (v, I') a function u
defined by (2.14) and refer to (u, v, I') also as the solution of the limit free
boundary problem.

Theorem 2. Assume that w € C*(Q) and that T° is a C* hypersurface which
is the boundary of a domain D° cc Q. Then there exists a positive constant Ty
such that the limit free boundary problem (2.15)-(2.19) has a unique solution
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(v, T) in the time interval t € [0, Ty], and the solution satisfies v € W2 (Qr,)
and T e W2,2(I" x [0, Tp)).

To prove this theorem, we shall first study in §4 the solution I' of the prob-
lem (2.18), (2.19) where the function 7"(v) on the right-hand side of (2.18)
is replaced by a given function ¥ € W2:1(Qr). Then in §5 we shall estab-
lish the W2 1(Qr) regularity of the solution v of the problem (2.15)-(2.17)
where D is a given domain compactly contained in Qr with a Cl+e.(1+e)/2
lateral boundary. Denote by /# the mapping which maps I' into the solution
v of (2.15)-(2.17) with D being the (spatial) interior of I', and by & the
mapping which maps v into the solution I' of the problem (2.18), (2.19). We
shall finally prove that the composition map ¥ = % o # has a unique fixed
point, thereby establishing the existence of a unique solution for the limit free
boundary problem.

Finally in §6 we shall prove the following theorem.

Theorem 3 (Propagation of interface). Assume that the conditions of Theorems
1 and 2 hold, and that for some constant co >0, ¢ and y satisfy

{ @(x) — ho(w(x)) > coldist(x, %) ifxe DO,

(2.20) 0(x) — ho(w(x)) < —co| dist(x, T0)| if x € Q\D°,

where DO is the set {x € Q|o(x) > ho(w(x))} which is also the interior of T?,
and dist(x, I'?) denotes the distance from x to T°. Then, there exist positive
constants M and €, such that for all ¢ € (0, &) and t € [to¢|In¢|, Tp]

(2.21) [vé(x, t) —v(x, t)] < Moe|lneg| Vx € Q,
(2.22)
|uf(x, t) —u(x, t)] < Moe|lng| Vx € {x € Q||dist(x, I'')| > Moe|Ine|},

where 1o is as in Theorem 1, Ty, v, and T are as in Theorem 2, and u is
given by (2.14).

Remark 2.2. If equation (2.1) is replaced by

1
u—Au = EE(F(“) —€&v),

where F is a bistable potential having equal depth of wells (i.e., 77(0) = 0),
then, formally, we have

= -:?(7(8’0) +eK +0(e)=7"(0)v+ K +o(1).

In this case, if we replace the function 7°(v) + ¢K on the right-hand side of
the second equation in (1.7) by 77(0)v + K , then the existence of the resulting
free boundary problem was established by Chen [10]. Using his existence and
regularity theorem for this free boundary problem, we can rigorously prove (by
the methods of [9] and of the present paper) a generation law which says that
an interface generates in time O(e?|Ing|), and a propagation law which says
that the normal velocity of the interface is 77/(0)v + K .
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In the sequel, we shall denote by the letter C various positive constants
which do not depend on ¢.

3. GENERATION OF INTERFACE

Notice that (2.9) and (2.10) imply that there exists a positive constant T
such that
(3.1) |v8(x,t)|5%§—%a V(x,t) eQr, e€(0,1).
In the sequel, we shall always assume that 7 < 7T; so that (3.1) holds, and
therefore the three solutions 4_(v), hy(v), and A, (v) of the algebraic equation
f(-,v) =0 are well defined.

In this section we shall show that in a short time of order O(e|lnég|) the solu-
tion (u¢, v¢) of the system (2.1)-(2.6) can be approximated by (w(g, t/e; v),
v), where w(¢, 7; v) is the solution of the ordinary differential equation

(3.2) {

w. (&, 1;v) = f(w, v), >0,

w(¢,0;v)=¢

with ¢ € #Z! and v € [-2V3/9 + 10, 2V3/9 - o] as parameters. To do
this, we shall follow the ideas developed in [9]: First we construct a function

w(&, 7; b) which is the solution of the above ordinary differential equation

with its right-hand side replaced by a modification f of f;then we show that
for some constant M large enough, the function

(3.3) ux, 1) =w(p(x) —Mt, t/e; y(x)+ Me|lngl)
is a subsolution to the parabolic equation (2.1), and the function
(3.4) Ulx,t)=w(p(x)+ Mt, t/e; w(x) — Me|lng|)

is a supersolution.
In order to define f(u, v),let p(s) € C°(#') be a cut-off function satisfy-
ing:

pis)=1 if|s|<1,
p(s) =0 if[s| > 2,
(3.9) O<p(s) <l ifl<ls|<2,
—2<sp'(s) <0 forallse#!',
|p"(s)| <4 forallse .
Set
_ (¥~ ho(v) _ (u—h+(v)> _ (u—h_(v)>
”0"’( ¢llne| ) P+=P\ e )0 M - =2 THme )
Define
Fu,v) = pou — ho(v) hi(v)—u h_(v)—u

(3.6) [Ine| " |lne ~ |lng|
+[1=po—psr—p-1f(u,v).
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Notice that F’(4) = 1 — 3u? vanishes only at u = ++/3/3; it is convenient
to introduce a constant ¢ defined by
(3.7

T=m {|71|' (—+n) 2\9/_ %a orF(—?+n)=—%§+%a}.

Lemma 3.1. There exist positive constants € and C s~uch that for all ¢ € (0, €]
and v € [-2v3/9 + Lo, 2v/3/9 — Lo], the function f defined in (3.6) satisfies

(3.8) |f(u,v) = f(u,v)| < Cellng| Vue[-Co, Col,

(3.9) |fu(u, v)| < C Yu € [-Cy, Col,

(3.10)  |f(u,v)|<C Vu € [-Co, Col,

(3.11) ﬂ(u,v)zmi?l Yu € [—?w,?-a},
f;(u,v)g-lhigl Yu e [—Co,—?—ﬁl

(3.12) U ?w, Col ,

(313) (e, v) < =S Vi€ [~Co, Col
v ¢|Ing| P

(3.14) |fo(u, )] < Clfulu, v)| Yue[-Co, Col, ‘f >7,

where Cqy is as in Lemma 2.1.
Proof. It is enough to consider the case u € A(v), where
A(W) = {n]1n - ho(v)| < 2¢|Inel, |n—h_(v)| < 2¢|Ine] ,
or |n — hy(v)| < 2¢|lnegl},
since if u ¢ A(v), then f = f, and the lemma is obviously true. We can
divide the case u € A(v) into three subcases: (i) |u — ho(v)| < 2¢|lne|, (ii)

|lu—h_(v)| <2¢|lng|, and (iii) |u — h(v)| < 2¢|Ineg]|.
Consider subcase (i):

(3.15) |u — ho(v)] < 2¢|Ing|.
If ¢ is small enough, then p_ = p, =0 and
x u— ho(v
(3.16) Flu,v) = po 8 (1 = oS, ).

It follows that
|f(u, v) = flu, v)| =

ek Sl )

|Ing|

= polu — ho|

|lns| u—hoy

by (3.15) and the Lipschitz continuity of f.
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Differentiating (3.16) with respect to u yields

u—h() _
|Ing|

(3.17) Fulu, v) = 20 [

Po
B f]+——+[1—pom<u,v).

|Iné|
Inequality (3.9) thus follows by (3.15) and the boundedness of p’ and f,.

To prove (3.11), notice that f,(u,v) > 1/|Ing| for any u € [-v3/3 +
@, V3/3-7] and ¢ small enough; it follows that the function (u—Ag)/|Ine|—
f(u, v) has the same sign as hp—u . Since p; also has the same sign as sp—u,
the first term on the right-hand side of (3.17) is nonnegative. It then follows
from (3.17) that

» Po B e

i.e., (3.11) holds.
Differentiating (3.16) with respect to v, we get

. __ Pohy [u—ho _ ]_Pohé B
ﬁl(u)v)_ 8|ln8| [|1n8| f |1n£|+[1 pO]fu(u,U)-

Comparing this with equation (3.17), we find that (3.14) and (3.10) hold. Dif-
ferentiating f, with respect to v and using (3.15) and the boundedness of p”,
we get

s pyhg [u—ho_} 1 _(1)
fv”—(a|lns|)2 Tne| f +—sllnsl[termsoforderO(l)]—0 elne])

Therefore, Lemma 3.1 holds in subcase (i). Similarly, we can treat subcases (ii)
and (iii) and therefore establish the assertion of the lemma. O

We now define the function w(&, 7; v) as the solution of the ordinary dif-
ferential equation

{w‘!(é9t;v)=f(wav)3 T>Oa

w(&,0;v)=¢,

where & € [-Cy, Co] and v € [-2V3/9+10, 2v/3/9—10] serve as parameters.
Some properties of the function wW(¢, 7; v) are listed in the following lemma.

Lemma 3.2. Assume that & € [-Cy, Co] and v € [-2V3/9+ 10, 2V/3/9-10],
and let W(&, T;v) be the solution of (3.18). Then
(1) W&, 7;v) € CHR x B+ x [-2v3/9+ Lo, 2V3/9 - La]), and

(3.19) we(€,1;v)>0 Vr>0;

(2) there exist positive constants 1o and &y such that if ¢ € (0, &) and
7> 19|ln¢|, then W(&, 1; v) satisfies

(3.18)

(3.20) w(&, 1;v) > h(v)—2¢Ing| V&€ [hy(v) + 2¢|Ing|, 00),
(3.21) w(&, t;v)<h_(v)+2e|lng] V&€ (—o0, ho(v) — 2¢|Ing]],

and
(3.22)  h_(v)—2¢|lng| <w(, t;v) < hy(v)+ 2¢|lng] V&€ [-Cp, Col;
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(3) there exists a positive constant C, depending only on & and 1o defined
in (2) such that if € € (0, &) and t € [0, to|Ing|], then

(3.23) |Wee| < Cribe/e,
(3.24) || < Cr(1 + ),
(3.25) |Wey| < Ci(1 + W)/ e,
(3.26) [Wyw| < Ci(1 + g)/e.

Proof. Since w; satisfies (W), = fu(W, v)We and We(&, 0; v) = 1, it follows
that

(3.27) Be(E, 73 v) = exp ( /0 @, s v), v)dﬁ) :

the first assertion of the lemma thus follows.

Notice that u = hy, u = h_, and U= h, are the only solutions of the
equation f(u, v) = 0; it follows that f(u,v) > 0 when u < h_ or hg <
u<hy,and f(u,v) <0 when h_ < u < hy or u > h,. Consequently, as
T / +0o0, we have
W&, t;v) —h-(v)]\ O forall < ho(v),
|[w(&, 7;v)—he(v)| O forall &> hy(v).

Since there exists a constant o > 0 such that
flu,v) >amin{u —hy, hy —u} Vué€ [hy, hy],

by solving (3.18) we find that

(3.28)

w(ho + 2¢|Ineg|, 7; v) > min{ho-;hJr , ho + 28|ln£le‘”}

and

w (h0-|2-h+ ,T) v) > h, —max{Zallnsl, h*;hoe“”} )

It follows that
ho + h+

u”)(h0+28|1n8|, %Unsl;'v) > >

and

W (h";}” , %|1n8|; v) > hy — 2¢|Ine|

provided that we take 79 = 2/a and ¢ small enough. Therefore, for all £ >
ho + 2¢|Ing| and 1 > 70| Ineg]
w(&, 7;v) > W(hy+ 2¢|Ineg|, 7;v)

>w <h0+h+ ,T— E|lns|; v) > h, —2¢|Ing|,
2 2
i.e., inequality (3.20) holds. Similarly, we can show that (3.21) and (3.22) hold.
The second assertion of the lemma thus follows.
To prove the last assertion of the lemma, we first consider the case

|€ — ho(v)| < e”™¢|Ing].
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Since f(u,v) = (u — ho(v))/|Ing| when |u — ho(v)| < €|Ing|, we can solve
(3.18) explicitly to get
W(E, 5 v) = ho(v) + (& — ho(v))e1"™¢l vt € [0, 70| Inegl].
Direct differentiation then yields
Wee(E, T;v) =0,
Wey(§, T50) =0
Wy (&, 75 ) = hy(v)[1 — e/,
Wyy(E, T;0) = h(/)/(’l})[l - et/llnsl] .
Assertion (3) thus holds in this case. Similarly, we can treat the cases | —
h_(v)| < ¢|lng| and |& — hy(v)| < g|Ine].
It now remains to consider the case when ¢ € B(v), where
B(w)={ne[-Co, Coll|n — he(v)| > ¢|Ing| and |n — ho(v)| > e~ ™¢|Ine|}.
We claim that
(3.29) If(W(E, 1;v),v)| > e ™ Vrel0, to|lng|], &€ B(v).

In fact, one can easily verify that when & € (hg, h,), the function w(&, 7; v)
is monotone increasing in 7 and &, and that the solution of (3.18) with & =
h, — ¢|lng| is given by

w(hy —é¢|lne|, T;v) = hy —¢|Ingle” /Il
Hence, when £ € [hy+e~"¢|Ine|, h. —¢|In¢|] and 7 € [0, 70¢| Ing|], it follows
that
E<w(, Ty v) Sw(hy —e|lnegl, o8 Ingl; v) = hy —e7™¢|Ineg|,

and, by (3.12), inequality (3.29) holds for the case & € [Ag + e~ "¢|In¢g|, Ay —
¢|Ineg|]. Similarly, we can treat the rest of the case £ € B(v), and therefore
(3.29) holds.

We shall now show (3.23)-(3.26) for the case ¢ € B(v). By the change of
variables
(3.30) dry= 9% ___dv
We(€, T15v)  f(W(E, 1,;0v), V)

for the integral on the right-hand side of equation (3.27), we get
(331) (&, 15 0) = exp(in|f(z, v)| |76y = L& T v), v)
f&,v)
Differentiating this expression with respect to ¢ and taking absolute values, we
get

S, v) o f, ) 5

[Wee (&, T;v)| = FE ) We PE. ) W&, V)
_ A, v) o fuE, v) Ce™ _
=1 7E 0 BT e e ey S T

by (3.29) and the boundedness of f ; inequality (3.23) thus follows.
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Since W, (¢, 7; v) satisfies (Wy); = fy(W, V)W, + fo (W, v) and W, (&, 0; v)
=0, we have

Wy (&, T3 v) /exp(/ Ful(E. 125 v), v)drz)ﬁ,( W&, 115 v), v)dT,.

Applying the change of variables (3.30) to the integrals on the right-hand side
yields

N N f(u?(é T,0),0) N
wv(é,f,v)—/ T v)f;(w«: 115 v),v)dT,

. Flam ﬁ;(Z,'U)
(3.32) = f(w, v) Ao v)dz
5 B ﬂ;(z v)
3.33 = fb, dz
(3.33) f(w, v) e Pz v)
i@, [ Solz,)

‘f|zi\/3/3|23 f2(Z > ’U)

The first integral on the right-hand side of the last equality is bounded since
|f(z,v)| > 0/4 when |z++/3/3| <&, by the definition of @ in (3.7). The last
integral in (3.33) can be estimated by

Lok tates)
Gesvapzs Ju(2,0)  \[(z,0)

12433125 f2(za V)
|fo(z, )| 1 1

3.34 < _ ]

o9 - {IZ:E\S/EI/%PU |fulz )|} [If(é, V)| * |f(w, v)|l

e T
<C|= + —

If&, v f(w,v)]
by (3.14). It follows that

. 1 1
~'U ’ ; _C ~, l ~ ~
[Bo(C, 75 )l < Cf (D ”)'[ N

where we have used (3.31) in the last inequality. This establishes (3.24).
Differentiating (3.31) with respect to v yields

Sl 0)dy + fo(d,v)  f(@,0) ;

f(&,v) f 2( v)

] < C(1 +we),

Jo&, v

w{v(éa T,0) =

The right-hand side is bounded by C(1+ w)/¢ since fu and f, are bounded,
|| > e "¢ (by (3.29)), |wy| < C(1+1), and f(w, v) = Wef(&, v); inequal-
ity (3.25) thus follows.

It remains to prove (3.26). Differentiating the expression in (3.32) with re-
spect to v yields

wvv = [fu(w )wv + fv ’LI) / fv
lﬁw(z, v)  2f3(z,v)

(3.35) N

fz,0) Az, v)
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From (3.33) and (3.34), we know that the first integral on the right-hand side

is bounded by
c(1+ L, )
If(&, )l |f(w, v)|

Proceeding as in (3.33) and (3.34), we can also estimate

ﬁm C | ool 1 1
/ 7z i = Fine {pff‘a’fé.za 7z, v>|} [mc, o @, v>|]

1 1 1
<C [sllnsl * alf”(é, v)| + s|f(w, v)|] ’

where we have used (3.11)-(3.13). Similarly, we can estimate

w fz 1 1
—2v c/l1
/c Pz, 0| = { TRE ) P, v|}

S~ubstituting these estimates into (3.35) and using the boundedness of f. and
fv , we get

) ) 1 1 Clu|
Vv SC v +1] |1 7 Y f
|Wyy| < Clltby| + 1] e v T iF@, 0| T i@, v)
. 1 1
+ C|f(w, v)| [sllngl + e|f(&, v)|
1 1 1
+— + = +

ero
< CIL+ dl—,
since f(w,v) = u?cf(é, v), || < C(1 4+ ), and |f| > e~ ™¢. This com-
pletes the proof of the lemma. 0O

Proof of Theorem 1. By symmetry, it suffices to prove (2.12) and the first in-
equality in (2.11). To do this, we shall show that the function u defined in
(3.3) is a subsolution to (2.1).

First we show that u satisfies the differential inequality

(3.36) u, — eAu — %f(g, v®) <0 Vte (0, toe|lnel].

Direct calculation yields
eAu = e[WeAp + Wee|VO[? + 2, Vo - VY + WAy + Wy |V |?]
< Cusup{elAp| + elAy| + Vol + [V [P }H1 + ]
X

= CiAo[1 + w¢]
by (3.23)-(3.26), where
(3.37) Ao= sup {e|Ap| +elAy| + Vol + |Vy '}

x€Q,0<e<e
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One can also compute
1 e . I

U~ —f(u, v%) = “t - M — peACEY

f(w, y + Me|Ine|) — M,
1
- E[f(w, v + Me|lne|) + v + Me|Ing| — v°]

< 2Af = f1+ 110t~ y| — Mg~ M]Ine
<=My — [M - C - Cotol|Ine| Vi e (0, toe|lneg|],
where we have used the relations w, = f, |f — f| < Ce|lne| (by (3.8)), and
v — w| < Cotoe|Ineg| (by (2.9)). Hence,
u, — eAu — %f(g, v%) < (C + Coto+ C1Ag — M)|Ing| + (C1Ag — M)w; <0
if M is large enough (recall that @; > 0). Inequality (3.36) thus follows.
Note that w(&, 0; v) =% implies
u(x, 0) =w(p(x), 0; w(x)+ Me|lneg|) = p(x) =u’(x,0) Vx€Q,
and the compatibility assumption (2.7) implies
OnU(x, 1) = WeOp@(X) + WyOny(x) =0=0pu’(x,t) Vx€0Q, t>0.

Hence, applying a comparison theorem for the parabolic equation (2.1) to the
pair of functions u¢ and u yields

ulx,t)y<uf(x,t) vxeQ, tel0, to¢|lng|].
Consequently,
(3.38)  uf(x, to¢|lnel) > w(p(x) — Mroe|lneg|, to|Ing|; w(x) + Me|lngl).

Using the first inequality in (3.22) and the Lipschitz continuity of the function
h_ , we get

ut(x, to€|Ingl) > h_(w(x) + Me|lneg|) — 2¢|Ing|
> h-(y(x)) — (cM +2)¢|Ing,

which yields the first inequality in (2.11) if we take M large enough.
Substituting (3.20) into (3.38), we obtain

ut(x, toe|lnel) > hi(w(x) + Me|lneg|) — 2¢|Ing| > Ay (w(x)) — (cM + 2)¢|Ing|

provided
@(x) — Mroe|lne| > ho(w(x) + Me|Ine|) + 2¢|Ine|.

The last condition can be fulfilled if
9(x) > ho(w(x)) + Ce|Ing|

for some constant C large enough. This establishes (2.12). Theorem 1 thus
follows. DO

Remark 3.1. By carefully checking the proof of Theorem 1, one finds that equa-
tion (2.2) is used only to derive the a priori estimate (2.9). Hence, equation (2.2)
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can be replaced by any equation which, when coupled with equations (2.1) and
(2.3)-(2.6), forms a system admitting a solution satisfying (2.9). In particular,
Theorem 1 remains true if equation (2.2) is replaced by the equation

vt — uAvt = g(u, v°),

where u = u(e) is any constant satisfying 0 < 4 < C for some positive constant
C independent of ¢.

Remark 3.2. The condition ¢ € C? in Theorem 1 can be replaced by the
weaker condition that ¢ is Lipschitz continuous. In fact, the only modification
needed in the proof is to replace the function ¢ in (3.3) by ¢° which satisfies
¢ — Ce|lng| < 9% < ¢ and ¢|Ag®| +|Vg®| < Ao (cf. (3.37)), and to replace ¢
in (3.4) by @° satisfying the corresponding conditions. Similarly, the function
v may be assumed to be only Lipschitz continuous.

4. MOTION OF HYPERSURFACES

Let I° be a C? compact hypersurface in %" and assume that I'? is the
boundary of a domain D® cc Q. We shall study the evolution of I'° when
at each time ¢ > 0, it moves with an outward normal velocity V', where V =
V(x,t) is a given function belonging to W2 1(Qr).

Denote by I the evolution of I'? at time ¢ and assume that for ¢ € [0, J)
with & sufficiently small, IV isa C! deformation of I'y. Then we can find a
function ®(x, t) € C'(Qs) which, for all ¢ € (0, J), satisfies

I''={x € Q®(x, t) =0},
(4.1) { [VO(x, )| #0 Vxel’,

D(x,t)<0 Vx € 9Q).

Let D! be the interior of I'"; then D' = {x € Q|®(x, ) > 0} and the

outward normal velocity of I'* is ®,/|V®|. Hence, the evolution of I'! can be
described by

(4.2) D;(x,1) = |VO(x, )|V(x,t) vxeTI', te(0,9),
with the initial conditions
(4.3) = {x € Q|®(x, 0) =0}, D% = {x € Q|®(x, 0) > 0}.

Definition 4.1. A family of hypersurfaces {I"}o<,<s is called a solution of the
motion problem if there exists a function ® € C!(Q;) satisfying (4.1)-(4.3),
and

D, — |[VO|V

(4.4) )

€ W10(Qs).

Remark 4.1. the condition (4.4) is imposed to ensure uniqueness.

Remark 4.2. The level set approach for the motion of hypersurfaces was first
used by Barles [4], Sethian [32], and others.

In the sequel, we shall denote by I'°(h) the set {x € Q|dist(x, I'?) < A},
where h > 0 is an arbitrary constant.
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Let L < 1dist(I°, 0Q) be a small fixed positive constant and let ®o: I0(L)
— ! bea C? function such that
I = {x € T%(L)|®y(x) = 0},
DONTOL) = {x e I'°(L)|doy(x) > 0},

|V®o(x)] > 0 Vx e TO(L).

Given V € W2 1(Qr), we extend it to a W2'! function in ZV x (0, T)
and consider the following system of ordinary differential equations:

d o Qx,
(4.5) d—t'Y(X, t)— _l—Q(X—,t)‘V(Y(x, t), t),
(4.6 40x, 0= 100, DIVV (¥ (x, 1), 0,
(4.7) Y(x,0)=x,
_ V®y(x)
(48 0x. 0) = T,

where x € I%(L) is considered as a parameter.

This system has a unique solution as long as |Q| remains positive. Assume
that (Y, Q) is a solution of (4.5)—(4.8) in some interval 0 < ¢ < . Then by
(4.6), |§;Q| < C|Q|, where C = ||VV||~@,) - Since |Q(x, 0)| =1, it follows
that
(4.9) e~ <|0(x, 1)) < e vxelY(L).

This a priori bound shows that the system (4.5)-(4.8) admits a unique solution
forall t [0, T].

Notice that when x € I?, Q(x, 0) is equal to the unit inward normal of I'?
so that Y(x, t) is independent of the choice of ®y(x). In addition, Y (x, ?)
is independent of the extension of V' as long as Y(x, ¢) remains in Q.

Set Y(4,t)={Y(x, t)|x € A}. We shall show that {Y(I'y, #)}o</<s is the
unique solution to the motion problem provided that J is small enough.

Define ¢, by
(4.10)

t. = sup{t € [0, T]| there exists an h € (0, L) such that for all 7 € [0, ¢],

Y(I'°(h), 1) ¢ Q and the mapping Y (-, 1) :
I°(h) — Y(I'°(h), 1) is a Lipschitz homomorphism} .

Here, a mapping is called a Lipschitz homomorphism if both the mapping and
its inverse are Lipschitz continuous.
The following lemma shows that ¢, is strictly positive.

Lemma 4.1. There exists a positive constant T, depending only the W2 (Qr)
norm of V such that Y(I'°(L), t) C Q and the mapping
Y(-, 8): T%L) — Y(TOL), 1)

is a Lipschitz homomorphism for each t € [0, T;]. Moreover, Y(x, t) is Lip-
schitz continuous in x and t in the domain T°(L) x [0, T3] and its inverse
Y-y, t) is Lipschitz in y and t in the domain Ute[o,TZ](Y(l'O(L), t) x {t}).
Proof. Since the right-hand side of (4.5) is bounded, Y (x, ¢) is Lipschitz in ¢
so that Y(I'°(L), t) c Q for any ¢ small enough.




894 XINFU CHEN

Denote by F; and F, the right-hand sides of (4.5) and (4.6) respectively.
Differentiating (4.5) and (4.6) with respect to x, we get, for each x € (L),

d 6Y/6x> 3 (aFl/aY aF,/aQ> (aY/ax
dt \8Q/ox ) ~ \0F,/dY 0F,/0Q ) \8Q/dx
(4.11) oY /ox
=A(x,t) (6Q/8x> ,
(4.12) g—z(x, 0) =1, (the unit n x n matrix),
(4.13) %(x, 0) = -%—z(x).

Since V € W2'! and |Q| is strictly positive (by (4.9)), the matrix A is
bounded; hence,

oY 80
a(x 1), ax

(x, t)H <C vxeI%L), te[o0, 1],

where C depends only on 7 and the W2:! norm of V. Integrating the first
n equations in (4.11) and using the initial condition (4.12), we get

aY _ "(0F, 8Y  0F 0Q
axee0=1v [ (G 55 * 5p s ) (v v

and therefore

oY
55X 0 = In
This estimate shows that Y is a Lipschitz homomorphism for all ¢ small
enough.

Implicit differentiation yields

aY-! _(aY\'d _ (aY ' Qx, 1)
T(y’ t)=- (a) EY = (8_x(x’ t)> IQ(x—,t)IV(y’ Dlx=y-100,1)>

which implies that Y~! is Lipschitz in ¢. The assertion of the lemma fol-
lows. O

(4.14) <Ct vxeI%L), te]0, T].

Lemma 4.2. If {I"}o<<s is a solution of the motion problem for some 6 €
(0, t.), then it is given by

(4.15) '=yT°, 1 vte(0,9).
Proof. Let @ be the function in Definition 4.1 and set f = (&, — |[VO|V)/D.
Then f € W19(Qs) and

O, (x, 1) = [VO(x, )|V (x, ) =D(x, ) f(x,1) VxeQ, te(0,5).

This equation can be solved by the method of characteristics as follows (§ee, for
example, Courant and Hilbert [12]): For every x € Q, denote by y = Y(x, 1)
the characteristic curve starting from x, and set ¥(x, 1) = ®(Y(x, 1), ) and
P(x,t) = V;(D(f’(x , 1), t). Then the triple (}7 , ¥, P) satisfies the following
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differential system:

d - P =
(4.16) Y0 = —mV(Y, 0,
(4.17) %‘P(x, H=Yf(Y,1),
(4.18) %P(x, H=f(Y,)P+|PIVV(Y, 1) +¥VS(X, 1),
(4.19) Y(x,0)=x,
(4.20) ¥(x, 0) = d(x, 0),
(4.21) P(x,0)=V®(x, 0).

The solution ¥ of (4.17), (4.20) can be integrated:

Wix, 1) = B(x, Oexp(/f )dt).

It follows that ¥(x, ¢) = 0 if and only if ®(x, 0) = 0, i.e., if and only if
x € I'%. Therefore, we have

(4.22) [={yeQ®y,1)=0}={Y(x, )|¥x,1)=YT°, 0}.

One can verify that when x € I'? (so that ¥(x, ¢) = 0), the pair (Y(x, 1),
Q(x, t)), where

~ exp(— [ f , 1)dT)
Qx, 1) = O|Px 0)|

P(x,1),

forms a solution of (4.5)—(4.8); hence, by uniqueness, Y(x, t) = Y(x,t) for
all X € I'°. The assertion of the lemma then follows from (4.22). O

Theorem 4.3. Let V € W2,1(Q x (0, T)) be given and define t. as in (4.10).
Then, for any d € (0, t.), the motion problem admits a unique solution in the
time interval [0, J].
Proof. In view of Lemma 4.2, we need only show that {Y(I?, H}o<i<s 15 a
solution of the motion problem.

By the definition of ¢, , there exists a positive constant 4 depending on ¢
such that Y(I°(h), t) C Q and the mapping Y (-, #): T%(h) — Y(I(h), t) isa
Lipschitz homomorphism for all ¢ € [0, J]; thus the function ® defined by

Dy, 1) = QoY '(x, 1)

is Lipschitz continuous in both y and ¢ in UOS,SJ(Y(I'O(h), 1) x{t}).
We claim that

Vy®(Y(x, 1), 1)

(4.23) Q(x, 1) = vx e TOh), te[0, d].

[V®o(x)|
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To prove this, we compute

7 (@0 Gex) = G0 5o+ -5 ()

_ oY _ i Q
= lQ|vV - <|Q|V> (by (4.5) and (4.6))

ax

=leIvy - 5 - Q'%(TST)V |g|<w o)

09 (2Yy__ L2 (|12 )v-o:
--07: ()7 - 2’Q'ax( )V‘O’

hence,
Vx € TOh).

On the other hand, the definition of & implies that
(4.25) O(Y(x,1),t)=Dy(x).
Differentiating this identity with respect to x yields

VoY (x, 1), 1)- %(x, t) = V®y(x) Vx e T°(h).

Dividing both sides by |V®p| and subtracting the resulting equation from (4.24)

yields
vd \ oY
(Q i an) ax
Y

Since the matrix §+ is nondegenerate, the assertion (4.23) follows.
Differentiating (4.25) with respect to ¢, we get, for all x € I'°(h) and ¢ €
[0, 41,

- d o o ,t o
0=v®- Ly 1o = Vo, 0 2L D vy, 1)+ &0y, Olyern,o;

using (4.23), we obtain
(4.26) Dy, 1) = VO, OV (y, 1) VyeY(Ih), 1), tel0,d].

From (4.23) and the fact that Y~! is Lipschitz in y and ¢ and that Q is
Lipschitz in x and ¢, we deduce that V® is Lipschitz in y and ¢ in the
domain U,eloy‘,](Y(l'o(h), 1) x {t}); by (4.26), &, is also Lipschitz in y and
t. Hence, ® ¢ W;’Z(UIG[O’J](Y(I'O(h), t) x {t})).

To prove the theorem, we have to construct a function ® satisfying Defini-
tion 4.1. We shall now construct it from ®.

Let a be the minimum value of |®y| on 8I%(k) and let G(-): #! — Z!
be a C? function satisfying

G(0)=0, G'(0)>0,
(4.27) G(s)>0 VseR',
G'(s)=0 Vse (-0, —aj2]U[a/2, ).
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Set
G(a/2) if x is in the inside of Y (I'°(a), 1),
D(x, 1) =S G(D(x,t) ifxeYT%a),1),
G(—a/2) if x is on the outside of Y(I(a), ).
Clearly, ® belongs to W2:2(Qs) and it satisfies (4.1), (4.3). We can compute
O, — |VO|V = GD, — |GVDV =[D, — |[VO|V]G' (D) =0
V(x,t) € Qs

by (4.26) and (4.27). The last equation shows that ® satisfies (4.2) and (4.4);
therefore, the family of the sets given by (4.15) is a solution of the motion
problem. This completes the proof of the theorem. O

(4.28)

Next we establish some estimates for the solution of the motion problem. It
is convenient to introduce a mapping xo(77, [) : I x (—h, h) —» #V defined by

(4.29) xo(n, )=n+171n) Yn,1) el x(-Lo, L),

where 7(n) is the unit outward normal to T and L € (0, 4 dist(I?, 8Q))
is a constant small enough such that x; is a local diffeomorphism.

Theorem 4.4. There exist a monotone increasing function K(M) > 0 and a
monotone decreasing function T(M) > 0 such that if

(4.30) 1V a1 g5,y < M5

then the motion problem admits a unique solution in [0, T(M)] and the solution
is given by

(4.31) T = {xo(n, {(n, 1))ln € T°} Vrel0, T(M)],
where I(n, 1): T x [0, T(M)] — (=Lo, Ly) is a function satisfying
(4.32) W22 ro g0, roany < K (M),

(4.33) Il csnroxgo, gy < K(M)E* Ve e [0, T(M)].
Proof. For each n € I'y, consider the equation, for /,

(4.34) D(xo(n,1),2)=0,

where @ is the function constructed in the proof of Theorem 4.3. Since
(D(XO(", 0) ) 0) =0 and

o Caln, 0),0) = V@, 0)- 220z, 0) = -G/ (0)VBo(n) - 7 (1)

= —G'(0)|[V®o(n)| # 0,
the implicit function theorem ensures that equation (4.34) defines a unique
function / = /(n, t) for ¢ small enough. Recalling that ® € W22, we deduce
that / € W22, and therefore (4.32) follows.
Noting that /(n,0) = 0 V5 € I'’, we can use the mean value theorem and
(4.32) to deduce that ||/|| (roxfo,q) < Ct forall ¢ € [0, T(M)]. Hence, by the
interpolation

(4.35) -l < CUl- 240 Hlzee) 4,

inequality (4.33) follows; this completes the proof of the theorem. 0O
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In the sequel, we shall denote by & the mapping from v € W2 !1(Qr) to
[, the function in (4.31) where I' is the solution of the motion problem with
V=-7(v).

Theorem 4.5. Let v' and v? be two functions in W2 '(Qr), and set I
Zv! and I? = $v?. Then there exists a constant C depending only on M
v w21 gy + 102 w2 @y » SUch that

(436) ' = Pllooso,q < Ctlv' = 02yoq, ) V€10, TOO.
Proof. Denote by (Y'(x,t), Q'(x, t)) the solution of the system (4.5)—(4.8)
corresponding to V! = -7 (v'). Then
d 1 _ 2

+ E(Q -Q9)
=|R(Y', Q") - F(Y?, @)+ |R((Y', Q') - K(Y?, Q%)
SCUIY' =Y +|Q' - QI+ |VVI(Y', ) - VVA(Y?, 1)

+VNYY 0 - VAY?, )]
<C[(1+ ||V1HWgovo(gw)))lY1 -Y+1Q0' - Q%+ V! - Vzllwgo,o(g,w))]-

d oyl _y2
(' -1

Since Y!' = Y? and Q! = Q? at t =0, we can apply Gronwall’s inequality to
get

(4.37) Y'Y +1Q' - Q< CalV! = V0, -

Denote by Y'™' the inverse of Y. The identity Y/(Y! "' (y, 1), f) =y (i=
1, 2) implies
(4.38) Y'Y, YNy =Yy - Yy o).

Applying the mean value theorem to the expression on the left-hand side and
using (4.14), we get
1

DA IS 410 A 1) S

if ¢ y is small enough; therefore, after using (4.37) to estimate the right-hand
side of (4.38), we obtain

1-! 2-! 1 2
(4.39) YU =Y <V = V200, -

Denote by & (i = 1, 2) the function ® constructed in the proof of Theo-
rem 4.3 with ¥ = V. Applying the estimates (4.37) and (4.39) in (4.23) and
using (4.28), we find that
(4.40) VD' - VO?|| () + 1] = Pfliz=(@) < CHV' = V1o, -
Since ®!(-, 0) = ®?(-, 0), we can use the mean value theorem and the last
estimate to conclude that

(4.41) ”(Dl - (DZ”L"’(Q:) < Ct”Vl - V2”Wo'o‘°(QT(M)

)
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Recall that the function / is defined implicitly by (4.34). By an argument
similar to that which leads to (4.39), we can deduce from (4.40) and (4.41) that

11 = Pllcypoxgo, o < CHIV' = V2”W°‘(;°(QT(M)) vt e [0, T(M)].

Since V' = —Z"(v') and the function 7 is smooth, the assertion of the
theorem follows. O
5. A W2'! ESTIMATE FOR A PARABOLIC EQUATION
AND THE PROOF OF THEOREM 2

Consider the parabolic problem

(5.1) v —Av = fi(v)xp+ L(V)xp-, x€Q, t€(0,T7),
(5.2) v(x, 0) = w(x), xXeqQ,
(5.3) Buu(x, 1) =0, x€dQ, te(0,T),

where fi(-) and f;(-) are Lipschitz continuous functions, D = (o, (D' x{t})
is a domain compactly contained in Q x [0, T], and D¢ = Q x [0, T]\D . For
every t€[0, T],let I" =9D" and set I' = {Jy, (I x {t}). We assume that
there exists a function /: Iy x [0, T] — (—Lg, Lo) such that

I ={xo(n, (n,1)ln e’ vrel0,T],

where Xx, is the mapping defined in (4.29) and L, is a small constant such that
Xo isa C? diffeomorphism (in # and /) and Lo < %dist(r‘o, 0Q).

By the L? parabolic estimate (cf. Ladyzhenskaja et al. [27]), for any p €
(1, 00), there exists a constant C, depending only on Q and T such that

(54) "v"sz'l(s—iT) < Cp[llW"mZ(ﬁ) + ”fl(v)XD + ﬁ(U)XD‘"Lp(ﬁr)] .
A sharper regularity result is established in the following theorem.

Theorem 5.1. Assume that fy and f, are uniformly Lipschitz continuous, and
that y € C%*(Q) satisfies the compatibility condition (2.7). Then the problem
(5.1)-(5.3) has a unique solution v and it satisfies

(55) ”U”WZ,I ﬁ S Ca(l + ”l”C”"'(H“)/z(r‘)X[O,T])) Va € (0, l)
) ( T)

for some constant C, independent of [ .

Proof. Let

(5.6) T(x =&, t—1)= —"___e~=2P/4e-0)

(t—1)n/2

be the fundamental solution of the heat operator, and let G(x,¢;¢, 1) =
I'x-¢&¢,t—1)+ H(x, t; &, 1) be the Green function, where H is a “regu-
lar” term which makes G satisfy the boundary condition 8,G = 0. In terms
of Green’s formula, v € C°(Qr) is a solution of (5.1)-(5.3) if and only if v is
a fixed point of %7, where

H(v) = /Q W(EG(x, 1 &, 0)dE

+ / / LA(W(E, )b + HOE, D)xplGx, 1 &, 1)dEdr.
0JQ
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Since fi(-) and f>(-) are Lipschitz continuous, one can directly verify that .7
is a contraction mapping under the norm ||| v [|= supg<,<7 (v (-, 1)llco@e ™)
when A is large enough. Therefore # has a unique fixed point v, which is
also the unique solution of (5.1)-(5.3).

Now we turn to establish (5.5). Write v as
(5.7)

v(x,t)=/Qw@G(x,z;c,0>d:+/o /sz(v(é,r))G(x,t;é,r)didr
/ LAWE, 1)~ AOE, DH, ¢, 1)ded
//m S, N &, - 1) dEdr

=wi(x, ) +wax, t)+wsi(x, t)+wslx, t).

The function wy(x,t) = [w(§)G(x,t;¢,0)d¢ is in W2 1(Qr) since v €
C%(Q) satisfies the compatibility condition 8, =0 on dQ. Since the L? es-
timate (5.4) implies that v is Holder continuous, the Schauder estimate then im-
plies that w,(x, ) fo Jo h(W(E, 1)G(x, t; &, 1)dEdT isin CHe1+/2(Qr).
Note that the smoothness of the boundary 0Q and the compactness of the set
D in Q7 imply that the function H(x, ¢; &, 7) is smooth in the set (Qr)x D
it follows that the function

ws(x, 1) //[ﬁ(v A&, OHK, 1€, 1)dEd

isin C2-1(Q7). It now remains to show that the function
t
wix 0= [ [ g or-g, - ndedr
is in W2 1(Qr), where g(&, 1) = fi(v(&, 1)) = f2(v(&, 1)) is Holder continu-

ous.
If x ¢ I',, one can compute

OWa_ . // — g(x, ), (x — &, t — 1) dE d
Dt

Bx,-ax,

+ g(x, t// Ol (x-&, t—1)dS:dr
=lij+gx,0)J;; VI<i<j<n,

where dS; is the surface element of I'* and n;({, ) is the ith component of

7 (&, 1), the unit outward normal to dD® (=TI7) at &. Since g is Holder
continuous, the improper integral I;; is uniformly convergent and uniformly
bounded.

To estimate J;;, we need only consider the case when x is close to I, Let
J be a small constant and assume that x is in a d-neighborhood of I'"'. Let &,
be a point on I such that |x — &| = dist(x, I'"). Without loss of generality,
we can assume that & is the origin and 7' (&, t) = — ¢ ,. Note that x —¢&; is

parallel to 7' (&, t), so that x = (0', a), where 0’ is the origin of #Z"~! and
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la| < é. Since T is C'+o(1+2)/2 'there exists a C!*+e-(1+2)/2 function k such
that in the neighborhood Q(J, t), where

Q0,0 ={(&, &, DIIEI<d, &l <d, max{0,1-6"} <<t}
the hypersurface I'* can be represented by
&=k, 0, €, 0eQ@,n={C¢, IE<s, max{0, -6} <t<1}).

Clearly, k(0', t) =0 and Vyk(0', t) = 0'; it follows that there exists a constant
C such that

(5.8) IVek(@, DI < CUE+1e-11"2)° ¥, 1) eQ'@,1),
(5.9) k@&, DI < CU' + 1t =)+ Vg, 1) e '@, 1)

for some positive constant C depending only on the C!*e(1+2)/2 norm of T'.
Write J;; as

J”-{// // } » Ol (x = ¢, t—‘l’)dséd‘[_'].lj+‘]’3,.
rnQ@s,1) Q1)

Clearly, J,%- is bounded since its integrand is uniformly bounded. To estimate

J“J , we use the identity 7' (&, 1)dS; = (Vg k(&', 1), —1)d&’, obtaining
// Te (- “&,a-kl,1),t—1)dl'dt ifi#n
'@, 1)
and
J = // ,a—-k(E, 1), t—1)d¢ dr.
', z)

When i #n, J,.'j is uniformly bounded since, by (5.8) and (5.6), its integrand
is bounded by

’ ’ _ _ ’ 12 aﬁ__l__ —&'12/4(t—-1)
ks (€, DT (& a =k 1= Dl < C |+ 1t =7 2o e ,

which is uniformly integrable.
To estimate J),, notice that if & is small enough, we have

la— k&, )P > a?/2 - k2
> a%/2 - C(E| + (¢ - 7))+ (by (5.9))
> /2~ /2 - C( - 1)+

it follows that

T, a—k,t—1)< cme—ucwaz)/w_f),
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and

|Jnln| =

//Q(M 2(t—r (=&, a-k, t-1)d¢ de
k|

rdé'd +// ———Tdé'd
//f(at)Zt—T Gt 0.1 2(t—1) ¢d

_lal —asen 1 —E/8(t=1) gt

|€I| + |t T|1/2)l+a P8t g
+C//15t) l—‘t)"/2+l e TdédTSC.

In summary, D2wy is uniformly bounded (except on I' which is of measure
zero), and thus so is D2v . Using equation (5.1), we conclude that v, is also
bounded, thereby completing the proof of the theorem. 0O

In the sequel, we shall denote by /# the mapping which maps / into v, the
solution of (5.1)-(5.3).

Theorem 5.2. Assume that I', [ € C'*o-(+)/2(T0x [0, T)), and let v! = Z1!
and v? = #Z1?. Then there exists a constant ¢ which depends only on Q, T?,
and M = ||l‘||C|+a‘u+a>/z(rox[o,n)+||12||WJ°,0(WX[O’TD such that v' and v? satisfy

(5.10) o' - v2||W°10,0(§T) <C|It - 12||Ca,a/2(r0x[o,T])-
Proof. Subtracting the representation of v, in (5.7) from the one for v; yields
vl(x, f) - ,UZ(x’ t)
t
- [ [the) - A
0 Ja
+1A®Y) = A Ko T DG, 15 ¢, 1) de dr

1
“J U
0 D'\D?? D2\ Dr!

x [fi(w*(¢, 1) = L, DIG(x, 1;&, 1) dEdT
=M(x,t)+ N(x,t).

(5.11)

Since fi(+) and f,(-) are Lipschitz continuous, it follows that

uMng<c/wmw< 7 - v, 7))
(5.12) X sug [IVXG(x t; &, 1) +1|G(x, t; &, 1)|]dédT
X€
”Ul U2“Loo(g7.)
= C/o ——_—\/Td‘[

Suppose that N satisfies
(5.13) N1 0@,) < CIII" = Pl caarqroxo, ) 3
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then we can substitute (5.12) and (5.13) into (5.11), obtaining
ot -2
2 =V llpo@,)
o' = vl C/ —— =@ et ' = Plcuaonpon-

Inequality (5.10) thus follows by Gronwall’s inequality.
It remains to prove (5.13). Using the change of variable & = xy(n, r) we get

I'(n,7)
N(x, t)—/ / /12( gn,r,1)G(x, t; xo(n, r), t)drdndr,
n,1)

where

g0n. 7.0 = det (B0 D) (ius(on, ), ©) = lwatxoln, 1), )

Denote by m = m(t) the norm ||/' = [%|| o (roxo, s - We can estimate N by

NG, 1)) < mllgllcomoeior. L. / / sup Glx, t; xo(n, 1), 1) dndt

re[—-L,L)
< Cmv/'t.

Therefore the L* norm of N in Q x (0, ¢) is bounded by Cm+/%.
For any integer i, 1 <i < n, we can compute

(n,1)
N (x, z)-/// g0, 7, )Gy (x, t; X0(1, 1), V) drdndt
2

1( 1)
///1 " len, 1. 1) - gx 01Gy(x. 13 x0(n, 1), 1) drdnde

2(n, 1)

1(n,1)
g(x, t/// Hy(x,t; xo(n,r), 7)drdndz
!

2('1 7)

'(n,7)
+ g(x, t/// Iy, (x —xo(n,r), t—1)drdndr
J2]

(n,7)
=N (x, )+ g(x, )NA(x, t)+ g(x, )N} (x, 1).

Similar to the L>° estimate of N, one can estimate the L> norms of N! and
N? by Cm. It therefore remains to estimate N;?. After applying the same
argument as in the case of J;;, w need only consider the integral

(n,7)
// / I'y(n,r—a,t—1)drdndr,
"d,t) JI(n,T)

where |a| < J and

(5.14) 0,1 =0, v N0, =0.




904 XINFU CHEN

We can estimate N, by

2= r—l‘)
// / ~——T(n,r+!' —a,t—1)drdndr
Q'(d,1)
dr// "r ril' —a. t—t)dnd
/ 6.0 2(:—1) (, T)dndr

/ dr// 1n, )l (;7 r+l'—a,t-—1)dndr
"(6,1) 2t—'T ’ ’

<Cm

since |I'] < (|n] + /1 — ‘L' \/t —2) (by (5.14)) and

|Nu| =

1 2 2
1 _ _ — o~ (n"+|r—al®)/8(t-7)
I'(n,r+!0" —a,t T)SC(I_T)"/Ze .

To estimate N;, i < N, we write N, as

2(n,7)
// / Ly(n,r—a,t—1)drdndr
@0 Jne
12
=// — Tn,r—a,t—1)-T(n,I' —a,t—1)]dr} dndr
0'6.1) d'li n

12
—// / I‘,(n,r—a,t—t)l,?ldrdr]dt
6,00

// LTy, 11~ a, 1~ ) dndr.
', t) ni

By the divergence theorem, the first integral on the right-hand side of the second
equality is bounded. The second integral is also bounded by the same treatment
as for the L> estimate of N,. The last integral can be written as

J[ @0 0-10 ) Zon 1 —a - 0)dnds
0'(0',1) dn

[ W= 0 - (=IO 01T - a, 0= ) dnd.
"8, 1) dn;
Again, by the divergence theorem, the first integral is bounded by Cm . Since

(2 =101, 0= (P = 1Y, O] < 1 = Pllaar(n] + (£ = 1)),

the second integral is bounded by C||/' —/?||ca.2 , and therefore so is N;. This
proves (5.13) and completes the proof of the theorem. O

Proof of Theorem 2. Set & =% o # and
Xr, = {1 € C*(T° x [0, To)| Ml csnroxpo, 1) < Lo/2},

where L; is the constant introduced in §4 and 7; is a small positive constant
to be determined.
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By Theorem 5.1, for every / € X7, |%1|W;,.(§X[O’T0D < M for some con-

stant M independent of / and 7, (if 7p is small). Thus, by Theorem 4.4,
Fl=Z(#I]) e W22I° x [0, min{Ty, T(M)}]) and

1/4
IF Ul a2 roxqo, min{ 1y, (M)} < K(M)Ty'*.

Hence, if T, is small enough, .# maps Xz, into itself. In addition, ¥ is
compact since it maps Xz, into a bounded set in W2,2(I'? x [0, Ty]) which
is compact in X7, . Furthermore, by Theorem 4.5, Theorem 5.2, and the in-
terpolation formula (4.35), & is also continuous. We can therefore apply the
Schauder fixed point theorem to conclude that ¥ has a fixed point which is
clearly a solution of the limit free boundary problem.

To prove the uniqueness, assume that .# has two fixed points /! and /2.
Then it follows from Theorem 4.5 and Theorem 5.2 that

11" = Plloyqoxgo, g < Ct|l#1 —f?’lzllwgo,o@)
S Ct"ll - 12”0.,«,/2(1-0)([0“]) Vl € [0, To]

Therefore /' = /> when ¢ is small. By repeating the above procedure step by
step, we can prove the uniqueness of the solution of the limit free boundary
problem up to time 7y ; this finishes the proof of Theorem 2. O

Remark 5.1. One can see that the estimates in Theorem 4.5 and Theorem 5.2
are stronger than what is needed by the proof of Theorem 2. These estimates
can be used to show the uniqueness of other free boundary problems such as
the free boundary problem (1.7) (with & > 0).

Remark 5.2. The assertion of Theorem 2 is local (in time) since Theorem 4.4
establishes only the /ocal existence of the classical solution of the motion prob-
lem. Although global weak solutions of the motion problem can be obtained by
using a so-called “vanishing viscosity” method developed by Crandall, Evans,
and Lions [13] and in fact this problem has been well studied by Sethian [32],
Osher-Sethian [29], and Barles [4] (also see the references therein), we still can-
not get the unique global (weak) solution of the limit free boundary problem
since, as we can see, the other arguments for establishing the existence for the
solution of the limit free boundary problem do not follow. Very recently, Giga,
Goto, and Ishii [25] established the global existence of at least a weak solution
to the free boundary problem.

6. A COMPARISON LEMMA FOR PARABOLIC SYSTEMS
AND PROOF OF THEOREM 3

Lemma 6.1 (Comparison). Let (u®, v®) be a solution of the system (2.1)-(2.6).
Assume that [, g € CY(R?) satisfy

(6.1) —g(u,v)so, g—i(u,v)zo Y(u,v) e R?,
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and that a four-tuple (u,v, u, v) satisfies

(6.2) ﬂ,—sAﬁ—%f(ﬁ,g)zo in Qr,

(6.3) U, —AU—-g(u,v)>0 inQr,

(6.4) u—eAu— - f(u, 1) <0 inQr,

(6.5) v,—Av—-g(u,v)<0 inQr,

(6.6) Ohu<0<8,u onodQr,
(6.7) v <0<8,v onoQr,
(6.8) u(x, 0) < uf(x, t)) <u(x,0) onQx{0},
(6.9) v(x,0) <vé(x, to) <U(x,0) onQx{0}
for some ty > 0. Then

(6.10) u(x, t) <ub(x, t+1t) <u(x,t) VY(x,t)eQr,
(6.11) vix,t) <véi(x,t+1t) <V(x,t) VY(x,t)eQr.

Proof. The assertion of the lemma follows from standard routine techniques,
namely, subtracting the differential inequalities (6.2)-(6.5) from their corre-
sponding differential equations satisfied by u® and v¢, multiplying the result-
ing inequalities by (u® — u)* (= max{(u®* —u), 0}), (u—u®)*, (v¢ —-D)*,
and (v —v®)* respectively, integrating over Q x (0, ¢) and adding the resulting
inequalities together, then using (6.1) and Cauchy’s inequality, and finally using
the Gronwall inequality to deduce that (uf — u)* = (u — u®)* = (v -0V)* =
(v—-v8)*=0. O

Remark 6.1. Similar (and simpler) comparison lemmas can be obtained for the
other cases where f is monotone in v and g is monotone in u.

We call any four-tuple (%, U, u, v) satisfying (6.2)-(6.9) a sup-subsolution
for the system (2.1)-(2.6).

Proof of Theorem 3. Let (I', u, v) be the solution of the limit free boundary
problem in the interval [0, Tp] (7, is as in Theorem 2). As before, we de-
note by D' the interior of I'* and by D the union Uy, (D' x {t}). Let
d(x,t) € W22%Qr,) be a smoothly truncated approximation of the signed
distance function from x to I'"*; more precisely,

3L if x € D' and dist(x, ") > L,,
dox. 1) = dist(x, ") if x € D' and dist(x, I'") < 3Ly,
’ —dist(x, ") if x € Q\D" and dist(x, I'*) < 1L;,
-3L, if x € Q\D' and dist(x, ") > L,

where L; € (0, Lg) is a fixed small constant. We can assume that |d(x, ¢)| >
L,/2 whenever dist(x,I") > L;/2. Taking smaller L; if necessary, we may
also assume that dist(0Q, I'¥) > L, for all ¢ € [0, Tp]. It follows that

(6.12) 8pd(x,t)=0 V(x,1)€dQr,.

Let (U(-, v), 7 (v)) be the unique solution of the eigenvalue problem (1.5).
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Direct verification shows that when f is given by (1.3), the solution is given by

hi(v) —h_(v)
T+ exp[ (2 + 20(0)) (i (v) = h-(0))]”

1
7 (v) = —=(2hy(v) — hy(v) — h_(v)),
()\/5(0() +(v) (v))
where zo(v) € #! is a constant ensuring the last condition in (1.5). Clearly,
the function U satisfies
(6.13) Uz, v)>0 VzeZ',
(6.14)
|U.(z, v)| +|Uzz(z, v)|+|U(z, v) — hy(v)] < Aexp(—az) Vz >0,

(6.15)|Uz(z, v)| + |Uzz(z, )|+ |U(z,v) — h_(v)| < Aexp(az) Vz <0
for some positive constants 4 and a which are independent of v if v isin a
compact subset of (—2v/3/9, 2v/3/9).

Remark 6.2. The particular choice of f in (1.3) is only for convenience; the
inequalities (6.13)-(6.15) hold also for general double well-potential f.
Set o = 70¢|Ing|, where 7 is as in Theorem 1, and define

U(z,v)=hy(v) -

(6.16) T=v+h,
(6.17) v=v-—~h,
Mt

(6.18) a=U<d+M‘Z“n8"’ ,v—2h*’),
_ Mt

(6.19) y=U(d M“l““s'" ,v+2h),

where M and M, are (large) constants independent of ¢, and 4 is a positive
function depending on ¢. We shall choose appropriate M, M,, and 4 such
that (#, v, u, v) defined in (6.16)-(6.19) satisfy (6.2)-(6.9), and therefore we
can use Lemma 6.1 to conclude that

(6.20) u(x, t) <u(x, t+1oe|lnel) <u(x,t) V(x,t) €Qr,
(6.21) v(x, t) <vi(x, t+ 10| Inel) <T(x, 1) V(x,1) € Q.

First, we verify the boundary conditions (6.6) and (6.7). Assume that
(6.22) Onh(x,t)=0 V(x,t)edQr,.

Then, observing that 9,v = 9,d =0 on 0Qr,, we immediately obtain
ana=anﬁ=anu=any=0 V(x, [) eaQTo,
i.e., inequalities (6.6) and (6.7) hold if / satisfies (6.22).
Next, we verify the initial conditions (6.8) and (6.9).

It follows from (2.9) and the definition of ¥ and v that (6.9) holds provided
that

(6.23) h(x,0) > Cotoe|Ing]|.
To establish the second inequality in (6.8), let ¢ be the constant in (2.20)
and consider two cases:
(i) d(x, 1) < —%ag|ing| and
(i) d(x, 1) > —Hoe|ing.
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In the first case, (2.20) implies that ¢(x) < ho(w(x)) — Mpe|lng|, ie., x €
Q+Moe|ln o It follows from Theorem 1 that

(6.24) Ui (x, toe|Ingl) < h_(w(x)) + Moe|Ing|.

Observe that the functions 4_(-) and A.(-) are monotone decreasing and there
exists a positive constant ¢; satisfying

2V3 o 2V3 o o7
(6.25) he(b=a) 2 he(b)+cia Vb e |-T5=+3, 5= - E] ,ae [o, Z] :

it follows that if

(6.26) h(x,0)> ?(ﬂln el VxeQ,
1
then
T(x,0) = U (d+M;8|lns| , !//—2h>
> h_(y —2h) > h_(y) + 2c1h(x, 0)
> h_(y)+2Mope|Ine| > u®(x, 1o¢|Ing|),

i.e., the second inequality in (6.8) holds.
To get the second inequality in (6.8) in case (ii), let o be the positive constant
in (6.14), and set

Mo

(6.27) M=

+

QIr

Then in case (ii), we can compute

0=y (TR
(

>U %llna] v — 2h>2h+(v/_2h)_Ae—2|lne|

d+Mls|lna| v —2h)

> hy (W) + 2c1h(x, 0) — Ae* > h,(y) + 2Moe|Ing| -
> hi(w) + Moe|Ineg| > u(x, t0¢|Ingl),
where we have used the monotonicity of U(-, v) in the first inequality, (6.14)
in the second inequality, (6.25) in the third inequality, (6.26) in the fourth in-
equality, and Theorem 1 in the last inequality. Therefore, the second inequality
in (6.8) holds. Similarly, we can prove that the first inequality in (6.8) holds
under the condition (6.26) and the choice of M, in (6.27).

Finally, we verify the differential inequalities (6.2)-(6.5).

First we consider (6.2). Denote by U, U,, U,, etc. the functions U,
U,, U,, etc., evaluated at ((d + M,¢|In 8|€M Y)/e, v —2h) . Direct computation
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yields

U, — eAU — %f(ﬂ,y)

ML
_ {Uzd’ +MM;s|ln8|e T - 2ht]}
— z A — . -2
o {T. 8 5y, V020

+ Uypw|V(v —2h))? + T,A(v — 2h)}

L@ v -amy -y,
= {%[d, + MMe|lngleM + 7 (u - 2h)]} + {%Uzz(l - |Vd|2)}
—{U,Ad +2U,,Vd - V(v — 2h) + eU |V (v — 2h))?

+ UyleA(v — 2h) — (v = 2h),]} + g

h
EI‘+IZ+I3+E‘

where in the second equality we have used the equation satisfied by U .
To estimate I;, notice that

(6.28) di(x,t)=-Z(v(x,t) VxeI'(={xeQd(x,t)=0})

since the outward normal velocity of I'; is d; and (", u, v) is a solution of the
limit free boundary problem. By the mean value theorem and the smoothness
of the function d, equation (6.28) implies

|di(x, 1) + 7 (v(x, 1) < Cld(x, )] V(x,?)€Qr,.
It follows that
di+ MMe|lneleM + 7 (v — 2h)
=d,+ 7 (v) + MM¢|Ine|leM +[7 (v - 2h) — 7 (v)]
> —C|d| + MM¢|IneleM' — Ch
> —C|d + Mye|IngleM!| + (M — C)M;¢|IngleM' — Ch.
Therefore if M and h satisfy
(6.29) s1€13|h(x, 1| < (M - C)Mie|lnegleM vt e (0, Tp],
X

then
di+ MMe|Ing|leM + 7 (v — 2h) > —C|d + M;¢|IneleM!|.
It follows that
Mt Miell Mt
I > _C|d+Mlsllns|e le (d+ ,e! nele

> —C sup(|zle™) > —C
zEX

,v—Zh)

by (6.14) and (6.15).
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Next we estimate ;. Since |Vd| =1 when |d| < L;/2, we have
1—
12 = EUzz(l - |Vd|2)
¢

Mi
U.. <d+M18&!lnsie v —2h>’

> —

sup
€ 1d|>L,/2

S _ge—a(L|/2—M|8|l"5|eMT°)/8 >-C

&

if ¢ is small enough.
Finally, if we assume that / satisfies

(6.30) Vel iany) < C

then || < C.
Combining the above estimates for I, I, and I3, we conclude that

ﬁ,—sAﬁ—%f(ﬁ,y_)z—C+g.

The right-hand side is nonnegative if 4 satisfies
(6.31) h(x,t)>Ce VY(x,t)€Qr,.

It follows that inequality (6.2) holds if M and # satisfy (6.29), and h satisfies
(6.30) and (6.31). Similarly, we can show that inequality (6.4) holds under the
same conditions.

Next, we verify the inequality (6.3). Calculation yields

T, — AT - g(-u, )
=@Ww+h),—Aw+h)—gu,v+h)
= g(h+(v), v)xp + g(h-(v), v)Xar\p + hi —Ah — (U, v + h)
= (hy(v) = W) x(a>0y + (h—(v) = W) x(a<oy + he — Ah + yh,

(6.32)

where we have used (1.4) in the last equality. We can estimate the first term on
the right-hand side of the last equality by
|he (V) = Tl xgas0y < 18— hy(v = 2h)|x1a50) + |he(v = 2h) — Ay (0)
< Ae~eMillnel L Ch < 4e? + Ch
by the definition of # and (6.14). Similarly, we can estimate the second term
in (6.32) by
|h—(v) — U4l xqa<oy < [ —h_(v = 2h)|X(a<—2Me|lnelemt)
+ CX{—2Me|neleMi<d<o} + [A-(v — 2h) — h_(v)]|
< Ae? + Cx(_ameimeeri<a<oy + Ch.

Substituting these two estimates into (6.32), we find that the differential in-
equality (6.3) holds if & satisfies the differential inequality
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(6.33) hi—Ah > Ch+ Cle+ X{|d|<2M & |n5|eMt}} V(x,t) € Qr,.

Similarly, inequality (6.5) holds if 4 satisfies (6.33).

In summary, (#, U, u, v) is a sup-subsolution if M, is given by (6.27), M
and & satisfy (6.29), and & satisfies (6.22), (6.23), (6.26), (6.30), (6.31), and
(6.33).

Let £ (depending on M) be the solution of the following parabolic problem:

(634) h, —Ah=Ch+ C{8 + X{ld|§2M,e|lne|eM'}} (X, Z) € QTO s
(6.35) 8yh(x, 1) =0, (x,1) €Qx (0, Tp),
(6.36) h(x, 0) =max{Cyto, My/c,}¢|In¢g|, xeQ.

Clearly, such defined 4 satisfies the conditions (6.22), (6.23), (6.26), and
(6.33). Since

X{|d|<2M¢e|IneleMt} = X{d<2Me|IneleM} — X{d<—2¢|Ine|eM}

and the boundaries of the sets {d < 2M¢|In¢leM'} and {d < -2M,¢|In¢gleM'}
are smooth (if ¢ is small enough), the analysis in §5 implies that # € W2 1(Qr,),
i.e.,, h satisfies (6.30). Note that the right-hand side of (6.34) is positive, so
that

hix, 1) 2 mindh(¢, 0)} = max{Cozo, Mo/cr}e|Ine| V(x, !) € Qr.

that is, & satisfies (6.31).
It now remains to verify the condition (6.29). Write 4 as

t
h(x,t)=ec’{max{Coto, %}sllnsHCa//G(x,t;é,r)déa’t
1 0 Ja
t p2Me|IngleM®
wef | Gx, t: T(n, 7, 1), 1)
0 J—-2M,¢|In¢leMt JT

oT(n,r, 1)
det (W) dndrd‘r} ,
where G is the Green function of the heat operator d, — A introduced in §5,
T(n,r,t) = n+rur(n) is a diffeomorphism from I'* x (-=L,/2, L,/2) to
{x € Q||d(x,t) < L/2}, and 7 is the unit outward normal to I'". It
follows that

t
sup |h(x, t)| < CeCTo {s|ln£| +st+/ Mlt:|lnf:|eM’;12 dr}
x€Q 0 (t - T) /

M
< C(Ty) {1 + —Ml—l/zeM’}s|1n8|

< (M - C)e|lneleM! Vi e[0, Ty

if M is large enough. Inequality (6.29) thus holds.

We have now shown that (u, v, u,v) satisfies (6.2)-(6.9) (with ¢, =
70€|In¢]), and therefore, by Lemma 6.1, (6.20) and (6.21) hold. The assertion
of Theorem 3 thus follows from the definition of (¥, v, u, v), (6.29), (6.14),
and (6.15). O
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